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Abstract This work studies the frequency behavior of
t h e Lomb method to estimate the power spectral density (PSD) of heart rate (HR) unevenly sampled (UNS)
signals. When the UNS can be modeled as uniform
plus a random deviation (approximation well satisfied
in HR signals), this spectra results in a periodic repa
tition of the original continuous time spectrum at the
mean Nyquist frequency, with a low pass effect affecting
the upper bands that depends on the sampling dispersion. In this case the estimation at the base band is unbiased with practically no dispersion. The performance
has been tested with real HR signals corroborating the
theoretical results. We have found that the Lomb method
avoids the classical methods problem of low pass effect
due to resampling. We conclude that the Lomb method is
more suitable than classical methods for PSD estimation
of UNS signals.
I. INTRODUCTION
Heart rate variability (HRV) has become an useful tool for analyzing cardiac dysfunction [l]. The HRV is analyzed from the
heart rate (HR) series that are not evenly sampled. The power
spectral density (PSD) of the HR series seems to be the index that
best recover the information present in the HR series [l].Estimation of the PSD of HR series by classical methods can not be done
directly from the time series signal, instead it requires resampling.
This resampling introduces artifacts in the estimated spectrum.
In addition, when ectopic or noisy beat detection occurs, a broadband noise contamination appears at the spectrum. Elimination
of these ectopic or noisy beats and subsequent resampling introduce further alteration of HR spectrum. Autoregressive PSD also
needs resampling. This problem has been recently overcome [2] by
using a PSD estimation method that deals with unevenly sampled
(UNS) data. This method waa proposed in [3] (from now Lomb
method) and it does not need to interpolate noisy or ectopic beat
detection, avoiding spectrum distortion. In this paper we present
a detailed analysis of the frequency behavior of the Lomb PSD
estimation method. We particularize to the case of actual HR
series and we derive a frequency limit estimation up to which the
Lomb PSD estimate is free of aliasing.
11. THE LOMB PSD ESTIMATION METHOD
The Lomb method for PSD estimation is based on the minimization of the squared differences between the basis function of
the transform and the signal under study [3]. Let's suppose z(t)is
the continuous signal under study and b;(t) is an orthogonal basis
set that defines the transform. The coefficients c(i) that represent
z(t) in the transform domain are those that minimize the squared
error e(c) defined as: e(.) = J-?(z(t) - c(i)bi(t))' dt. When the

signal z(t) is accessible only at unevenly spaced samples at t,
instants, Lomb [3] proposes to estimate the Fourier spectra of an
UNS signal adjusting the model z(t,)
E, = c bi(t,), in such a
way that the variance of En is minimized resulting in a value for c
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This result can be call as a generalized Lomb method to estimate transforms of UNS data. The signal power at index i of the
will be [3]
transformation (Pz(i))

-

P*(i)= k c2(i) = 2 ( i )

t(i)= c ( i ) dz

(2)

If the transform is the Fourier Transform (FT) then k = N and
Pz(i)= Pz(f)
=
Later, in [4] a fast algorithm was presented to estimate the Lomb spectrum. The remaining question
of this PSD estimation method is: how is it related the origiwith the estimated spectrum
nal spectrum of z(t)signal (1z(f)I2)
from the Lomb estimate? From equation (l),we see that it can
be rewritten in a different way in terms of the Dirac function 6(t).
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z(t) 6(t - t,)bi(t) dt.

(3)
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We see that the coefficients obtained from the generalized Lomb
method are those that become from the projection of the UNS
signal E&) = ELl z(t) 6(t - tn) onto the base signal b;(t). It
means that the Lomb spectrum is the spectrum of the continuous
time UNS signal zs(t), so in fact the Lomb spectra is the IzS(f)I2
spectra. Note that we have substituted k by N since the sum of
leiirftn12 = N . The relationship between zd(f)
and z(f)
will give the relationship between the estimated spectrum and the
real one from the original signal.
IV.PSD WITH RANDOMLY DISTRIBUTED SAMPLING
Knowledge of z,(f)requires knowledge of the t, distribution.
However, in signals like HR, the distribution oft, series can be
well modeled (over stationary periods), as a uniform sampling
with a random deviation. This fact leaded us to consider the particular case where the tn distribution satisfies E[tn-tn-l] = T and
E[t,-nT] = 0 Vn. Then, tn can be expressed as t, = n . T an
where an is a random variable with zero mean and probability di5
tribution function Pa,,(a+,).Moreover z(t) is assumed to be a deterministic signal to be estimated, the random variable an makes
zd(t)to be a random process, and then also its FT z,(f), is a
random process. In this case we will consider the mean E[zs(f)]
and the variance alt,(f)lz to have information of how the estimated Lomb spectra lz,(f)I2is related to the real signal spectrum
Is(f)lz.
Calculating the E [ z s ( f ) ]we have:
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t(tn)bi(tn).
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where fs = 1/T is the mean sampling frequency, W(f) is the
is the characteristic
window FT applied to the signal and Pa,&(f)
function of the probability density function Pa,,(
sion now allows to interpret E[z,(f)]in terms
form sampling FT. E[zJ(f)]is the convolution of the original FT
signal z(f)with the FT of a uniform sampling function widowed
by the finite timc observation interval W(f) and now weighted by
the characteristic function of the randomly distributed sampling
Pa(f).
Again appears the sampling theorem to avoid aliasing,
where now the Nyquist frequency comes from the mean sampling
interval T . So, to have a correct estimate, the mean sampling
frequency should be bigher than twice the higher frequency of the
other zth frequency bands will present (in mean)
the base band spectrum weighted by the valu
the characteristic function P,(i fs) evaluat
mean sampling function fa. IQcase that Pa
tribution with standard deviation U , the characteristic function
is also Gaussian, P&) = e-(2*af20z),and consists in a low-pass
filter with a cutoff frequency (fc) at -3 dB of fc = 132.5/a.Then
the estimated mean baseband spectrum with Lomb method is
unbiased and each ith mean upper band will be aEected
on the sampling distribution t, throug
U value, and on band order i.
From this result we see that, at these kind of UNS,
baseband Lomb spectrum is the z(f). However, it
study the variance of the Lomb estimate to see how much a single
trial estimate will differs from the mean value. Calculating this
variance we get
1

correct estimate of the PSD of z ( t )signal. Note that the deviation
increases also with the value of the spectrum at given frequencies.
gnal is evenly sampled (a = 0) we recover the spectrum of
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e low-pass effect given
bands. Note that the
peaks and mean shape of the signal at higher bands have lower

the ratio between the energy at different bands is used as a clinical marker of cardiac dysfunction [l]. Then, we corroborate the
behavior study in this paper and that the Lomb PSD
a better estimate than any resampled estimation.

and HF components is relevant in clinical
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